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Abstract In this paper, we analyze the evolution of quantum coherence in a two-qubit
system going through the amplitude damping channel. After they had gone through this
channel many times, we analyze the systems with respect to the coherence of their output
states. When only one subsystem goes through the channel, frozen coherence occurs if and
only if this subsystem is incoherent and an auxiliary condition is satisfied for the other
subsystem. When two subsystems go through this quantum channel, quantum coherence
can be frozen if and only if the two subsystems are both incoherent. We also investigate the
evolution of coherence for maximally incoherent-coherent states and derive an equation for
the output states after one or two subsystems have gone through the amplitude damping
channel.
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I. INTRODUCTION
Coherence, the superposition of state in quantum theory [1, 2], constitutes a powerful
resource in quantum metrology [3], entanglement creation [4, 5], and biological systems [6–
10]. Since the inception of quantum mechanics, many approaches have been proposed for
incorporating this important feature [11]. In Ref. [12], the authors introduced a rigorous
framework for the quantification of coherence and identified some intuitive and computable
measures of coherence including, for example relative entropy coherence and l1 norm co-
herence. A state’s relative entropy coherence is defined as the difference of von Neumann
entropy between a density matrix and a diagonal matrix formed by its diagonal elements.
The l1 norm coherence depends on the absolute value of the off-diagonal elements of the den-
sity matrix. The authors in Ref. [13] introduced coherence distillation and coherence cost
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in operational way by focusing on the optimal rate of performance of certain tasks, which
revealed that the distillable coherence equals to the relative entropy coherence. Coherence
can also be converted to entanglement via incoherent operations and the authors in Ref.
[14] introduced geometric coherence on this basis. In Ref. [15], the authors showed that
coherence fidelity in general does not satisfy the monotonicity requirement of a coherence
measure, and they reported that trace norm coherence can act as a measure of coherence
for qubits. Moreover, the authors in Ref. [16] reported that trace norm coherence is also
a strong monotone for all qubit states and X states. In addition, coherence can also be
quantified via convex roof construction [17].
However, quantum coherence is typically recognized as a fragile feature, and the disap-
pearance of coherence in open quantum systems exposed to environmental noise is commonly
referred to as decoherence [11]. As quantum resources, it is important to identify the condi-
tions under which quantum coherence does not deteriorate during open evolution. As such,
the concept of frozen coherence was proposed and the authors in Ref. [18] investigated the
dynamical conditions under which coherence is totally unaffected by quantum noise. With
just one qubit system, no nontrival condition exists such that l1 norm coherence and rela-
tive entropy coherence are simultaneously frozen under any quantum channel. For a high
dimensional quantum system, all measures of coherence are frozen in an initial state in a
strictly incoherent channel if and only if the relative entropy coherence is frozen [19]. In Ref.
[20], the authors proved a factorization relation for l1 norm coherence under some special
conditions and obtained a condition for frozen coherence.
In this paper we investigate the evolution of quantum coherence in the two-qubit system.
Here we focus on l1 norm coherence and analyze the dynamics of quantum coherence in the
amplitude damping channel. We find that if one subsystem goes through the amplitude
damping channel many times, frozen coherence can appear if and only if this subsystem is
incoherent and the other subsystem fulfills an additional requirement. If two subsystems
go through this quantum channel, then frozen coherence can appear if and only if the two
subsystems are both incoherent. As an example, we analyze the evolution of coherence of
maximally incoherent-coherent states in the amplitude damping channel. We also derive
an equation for the output states occurring after one or two subsystems go through the
amplitude damping channel.
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II. COHERENCE EVOLUTION UNDER AMPLITUDE DAMPING CHANNEL
IN TWO-QUBIT SYSTEM
A. Theory preliminary
Quantum states First, we fix computational basis {|i〉} as the reference basis in each
local subsystem, which we then use throughout this paper. Using this local reference ba-
sis, quantum states can be classified with respect to the type of quantum coherence. In
the bipartite system, a quantum state is called incoherent-coherent if it can be written
as ρ =
∑
i pi|i〉〈i| ⊗ ρi. Similarly, it is called coherent-incoherent if it can be written as
ρ =
∑
i piρi ⊗ |i〉〈i| [21]. Incoherent-coherent and coherent-incoherent states are incoherent
in one subsystem. Their coherence are the average of the coherent parts, C(ρ) =
∑
i piC(ρi).
In fact, for the incoherent-coherent state, one postulate for a measure of coherence [11]
requires that C(ρ) be nonincreasing on average under selective incoherent operations, so
C(ρ) ≥ ∑i piC(|i〉〈i| ⊗ ρi) =
∑
i piC(ρi), for which we choose the incoherent operation for
the local projective measurements {|i〉〈i|} on the first subsystem. Another postulate for a
measure of coherence [11] requires that C(ρ) be a convex function of density matrices, which
implies C(ρ) ≤ ∑i piC(|i〉〈i| ⊗ ρi) =
∑
i piC(ρi). Therefore, the coherence of incoherent-
coherent and coherent-incoherent states is the average of the coherent parts. They are
maximally coherent if and only if all components ρi in the coherent part are maximally
coherent. If a quantum state is incoherent in two subsystems, it is called incoherent and
is written as ρ =
∑
ij pij |i〉〈i| ⊗ |j〉〈j|. The classification of quantum states with respect
to quantum coherence parallels the classification of quantum correlation [22], the former
relevant to the reference basis and the latter independent of reference basis.
Quantum coherence A very intuitive quantification of coherence would relate to the
off-diagonal elements of the quantum state being considered. Therefore, it is desirable to
quantify the coherence by a function that depends on the off-diagonal elements [12]. For
the quantum state ρ =
∑
ij ρij |i〉〈j|, the l1 norm coherence under the given reference basis
{|i〉〈i|} is given by
C(ρ) =
∑
i 6=j
|ρij|. (1)
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For d-dimensional quantum state ρ, its coherence is bounded by
0 ≤ C(ρ) ≤ d− 1, (2)
since C(ρ) = 2
∑
i<j |ρij| = 2
∑
i<j
√|ρij |2 ≤ 2∑i<j √ρiiρjj ≤
∑
i<j(ρii + ρjj) = d− 1. It is
maximally coherent if and only if
ρii = |ρij| = 1
d
(3)
for i 6= j, i, j = 0, · · · , d− 1.
Amplitude damping channel The amplitude damping channel is a quantum opera-
tion that describes the energy dissipation-effects due to the loss of energy in a quantum
system. Suppose we have a single optical mode a0|0〉 + a1|1〉 with |a0|2 + |a1|2 = 1,
i.e., a superposition of zero or one photons. The scattering of photon from this mode
can be modeled by inserting a beam splitter on the path of the photon. This beam
splitter allows the photon to couple with another single optical mode, |0〉, according to
the unitary transformation B = exp[θ(a†b − ab†)], where a, a† and b, b† are annihilation
and creation operators for photons in the two modes respectively. Assuming that the
environment starts out with no photons, the output state after beamsplitter is simply
B|0〉(a0|0〉+ a1|1〉) = a0|00〉+ a1(cos θ|01〉+ sin θ|10〉). By tracing over the environment, we
obtain the following amplitude damping operation [23]
E(ρ) = E0ρE†0 + E1ρE†1, (4)
where
E0 =

 1 0
0
√
1− γ

 , E1 =

 0
√
γ
0 0

 ,
0 ≤ γ ≤ 1.
B. Coherence evolution under amplitude damping channel in two-qubit system
Next, we consider a quantum state in the two-qubit system
ρ =


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44


, (5)
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with ρ ≥ 0, aji = a∗ij for i 6= j,
∑4
i=1 aii = 1. The coherence is
C(ρ) = 2
∑
i<j
|aij|. (6)
In the first case, we let the first subsystem goe through the amplitude damping channel,
and the output state ρ
(1)
L for ρ is as follows:
ρ
(1)
L = E0 ⊗ IρE†0 ⊗ I + E1 ⊗ IρE†1 ⊗ I, (7)
where the subscript L indicates that the first subsystem goes through the amplitude damping
channel. If the first subsystem goes through this channel twice, the output state ρ
(2)
L is as
follows:
ρ
(2)
L = E0 ⊗ Iρ(1)L E†0 ⊗ I + E1 ⊗ Iρ(1)L E†1 ⊗ I. (8)
If the first subsystem goes through the amplitude damping channel n times, then the output
state ρ
(n)
L is as follows:
ρ
(n)
L = E0 ⊗ Iρ(n−1)L E†0 ⊗ I + E1 ⊗ Iρ(n−1)L E†1 ⊗ I, (9)
which can be rewritten as
ρ
(n)
L =
∑
i1,i2,··· ,in=0,1
Ei1i2···in ⊗ IρE†i1i2···in ⊗ I (10)
with Ei1i2···in = Ei1Ei2 · · ·Ein. Due to the properties of operators E0 and E1 in the amplitude
damping channel,
E21 = 0, E0E1 = E1, E1E0 =
√
1− γE1, (11)
ρ
(n)
L is reduced to the sum of n+ 1 terms as follows:
ρ
(n)
L = E
n
0 ⊗ Iρ(En0 )† ⊗ I +
n−1∑
i=0
E1E
n−i−1
0 ⊗ Iρ(E1En−i−10 )† ⊗ I. (12)
By straightforward calculation, we obtain the following:
ρ
(n)
L =


a11 + a33[1− (1− γ)n] a12 + a34[1− (1− γ)n] a13(1− γ)n2 a14(1− γ)n2
a21 + a43[1− (1− γ)n] a22 + a44[1− (1− γ)n] a23(1− γ)n2 a24(1− γ)n2
a31(1− γ)n2 a32(1− γ)n2 a33(1− γ)n a34(1− γ)n
a41(1− γ)n2 a42(1− γ)n2 a43(1− γ)n a44(1− γ)n


. (13)
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The coherence is as follows:
C(ρ
(n)
L ) = 2{|a12 + a34[1− (1− γ)n]|
+ (1− γ)n2 (|a13|+ |a14|+ |a23|+ |a24|+ |a34|(1− γ)n2 )},
(14)
which is smaller than or equal to C(ρ), C(ρ
(n)
L ) ≤ C(ρ). They coincide if and only if
a13 = a14 = a23 = a24 = 0 and |a12 + a34[1 − (1 − γ)n]| = |a12| + |a34|[1 − (1 − γ)n]. This
means that the input state is as follows:
ρ = |0〉〈0| ⊗

 a11 a12
a21 a22

+ |1〉〈1| ⊗

 a33 a34
a43 a44

 , (15)
with a12 and a34 having the same argument, a12 = a
∗
21, a34 = a
∗
43, and
∑4
i=1 aii = 1. So if
the first subsystem goes through the amplitude damping channel, frozen coherence occurs
only for incoherent-coherent state in the form of Eq. (15) with a12 and a34 having the same
argument for the second subsystem.
If we consider the case in which n tends to infinite, C(ρ
(n)
L ) tends to 2|a12 + a34|. So if
the first subsystem goes through the amplitude damping channel many times, the coherence
can not disappear for quantum states if a12 + a34 6= 0. This implies that the coherence is
robust under the influence of this channel.
Similarly, when the second subsystem goes through the amplitude damping channel many
times, the output state is as follows:
ρ
(n)
R =
∑
i1,i2,··· ,in=0,1
I ⊗Ei1i2···inρI ⊗E†i1i2···in , (16)
where the subscript R indicates that the second subsystem goes through this channel. For
the quantum state ρ in Eq. (5), the output state ρ
(n)
R is as follows:
ρ
(n)
R =


a11 + a22[1− (1− γ)n] a12(1− γ)n2 a13 + a24[1− (1− γ)n] a14(1− γ)n2
a21(1− γ)n2 a22(1− γ)n a23(1− γ)n2 a24(1− γ)n
a31 + a42[1− (1− γ)n] a32(1− γ)n2 a33 + a44[1− (1− γ)n] a34(1− γ)n2
a41(1− γ)n2 a42(1− γ)n a43(1− γ)n2 a44(1− γ)n


. (17)
Its coherence is as follows:
C(ρ
(n)
R ) = 2{|a13 + a24[1− (1− γ)n]|
+ (1− γ)n2 (|a12|+ |a14|+ |a23|+ |a34|+ |a24|(1− γ)n2 )},
(18)
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which is smaller than or equal to the coherence of the input state, C(ρ
(n)
R ) ≤ C(ρ). These
coincide if and only if a12 = a14 = a23 = a34 = 0 and |a13 + a24[1 − (1 − γ)n]| = |a13| +
|a24|[1− (1− γ)n], which means that the input state is as follows:
ρ =

 a11 a13
a31 a33

⊗ |0〉〈0|+

 a22 a24
a42 a44

⊗ |1〉〈1|, (19)
with a13 and a24 having the same argument, a13 = a
∗
31, a24 = a
∗
42, and
∑4
i=1 aii = 1. So if
the second subsystem goes through the amplitude damping channel, frozen coherence occurs
only for coherent-incoherent state in the form of Eq. (19) with a13 and a24 having the same
argument for the first subsystem.
Furthermore, if two subsystems both go through the amplitude damping channel, the
output state is as follows:
ρ(n) =
∑
i1,i2,··· ,in,j1,j2,··· ,jn=0,1
Ei1i2···in ⊗ Ej1j2···jnρE†i1i2···in ⊗E†j1j2···jn. (20)
By straightforward calculation, we have the following:
ρ
(n) =


a11 + a33[1− (1− γ)n] {a12 + a34[1− (1− γ)n]}(1 − γ)n2 a13(1− γ)n2 a14(1− γ)n
{a21 + a43[1− (1− γ)n]}(1 − γ)n2 {a22 + a44[1− (1− γ)n]}(1 − γ)n a23(1 − γ)n a24(1− γ) 3n2
a31(1− γ)n2 a32(1− γ)n a33(1 − γ)n a34(1− γ) 3n2
a41(1− γ)n a42(1− γ) 3n2 a43(1− γ) 3n2 a44(1− γ)2n


+


{a22 + a44[1− (1− γ)n]}[1 − (1− γ)n] 0 a24(1− γ)n2 [1− (1− γ)n] 0
0 0 0 0
a42(1− γ)n2 [1− (1− γ)n] 0 a44(1− γ)n[1− (1− γ)n] 0
0 0 0 0


. (21)
The coherence of ρ(n) is C(ρ(n)) = 2{|a12 + a34[1− (1− γ)n]|+ |a13 + a24[1− (1− γ)n]|+
(|a14| + |a23|)(1 − γ)n2 + (|a24| + |a34|)(1 − γ)n}(1 − γ)n2 . The coherence is frozen after two
subsystems go through the amplitude damping channel if and only if ρ is incoherent, which
means that the coherence in the coherent state can not be frozen under this assumption.
Since, in this scenario, only the coherence in coherent-incoherent and incoherent-coherent
states can be frozen forever, we now examine them more closely. For example, for the
following two-qubit incoherent-coherent state
ρ = p0|0〉〈0| ⊗ ρ0 + p1|1〉〈1| ⊗ ρ1, (22)
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where ρ0 =

 a11 a12
a21 a22

, ρ1 =

 a33 a34
a43 a44

, a12 = a∗21, a34 = a∗43, and a11+a22 = a33+a44 =
1, its coherence is C(ρ) = 2(p0|a12| + p1|a34|). By the positivity of ρ0 and ρ1, we know
|a12|, |a34| ≤ 12 . Therefore, 0 ≤ C(ρ) ≤ 1. Obviously, C(ρ) reaches its minimum of zero,
if ρ is incoherent. C(ρ) reaches its maximum if and only if both ρ0 and ρ1 are maximally
coherent states, which are in the form of 1
2

 1 e
iθ
e−iθ 1

 and pure states.
Now we consider the maximally coherent states in Eq. (22), which we refer to as a maxi-
mally incoherent-coherent state and study the evolution of coherence through the amplitude
damping channel. First, it is easy to determine that C(ρ
(n)
R ) = (1 − γ)
n
2 which is indepen-
dent of the quantum states themselves. Coherence C(ρ
(n)
R ) decreases strictly as parameter
γ increases. After further calculation we obtain the following equation
C(ρ(n)) = C(ρ
(n)
L )C(ρ
(n)
R ), (23)
which reveals that C(ρ(n)) is proportional to C(ρ
(n)
L ) since C(ρ
(n)
R ) is uniquely determined
by the quantum channel. This demonstrates that the evolution of coherence after two
subsystems go through the amplitude damping channel is determined by the evolution of
coherence when the first subsystem goes through this channel.
Next we analyze the coherence of the maximally incoherent-coherent states when the
first subsystem goes through the amplitude damping channel. If ρ0 and ρ1 are the same
maximally coherent state |+〉 = 1√
2
(|0〉+ |1〉), then
ρm1 = (p0|0〉〈0|+ p1|1〉〈1|)⊗ |+〉〈+|. (24)
Note that the reference basis is computational basis, from which is easy to obtain C(ρ
(n)
m1,L
) =
1. So if the first subsystem goes through the amplitude damping channel, the coherence
can be frozen forever. If ρ0 and ρ1 are the orthogonal maximally coherent pure states
|+〉 = 1√
2
(|0〉+ |1〉) and |−〉 = 1√
2
(|0〉 − |1〉), then
ρm2 = p0|0〉〈0| ⊗ |+〉〈+|+ p1|1〉〈1| ⊗ |−〉〈−| (25)
and C(ρ
(n)
m2,L
) = |p0 − p1[1 − (1 − γ)n]| + p1(1− γ)n. The coherence can not be frozen for
the nontrival case γ 6= 0, 1. When n tends to infinity, the coherence reaches |p0 − p1|.
For p0 6= p1, the coherence can not disappear forever and is robust under the influence
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of amplitude damping channel. If ρ0 and ρ1 are non-orthogonal maximally coherent pure
states, for example, |+〉 = 1√
2
(|0〉+ |1〉) and |r〉 = 1√
2
(|0〉+ i|1〉), then
ρm3 = p0|0〉〈0| ⊗ |+〉〈+|+ p1|1〉〈1| ⊗ |r〉〈r|. (26)
C(ρ
(n)
m3,L
) =
√
p20 + p
2
1[1− (1− γ)n]2 + p1(1− γ)n. Neither can the coherence be frozen for
the nontrival case γ 6= 0, 1. When n approaches infinity, the coherence reaches
√
p20 + p
2
1,
which is larger than |p0−p1|. Hence the coherence in ρm3 is more robust than the coherence
in ρm2 under the influence of the amplitude damping channel. In FIG. 1, we show plots of
the coherence evolution of C(ρ
(2)
m2,L
) and C(ρ
(2)
m3,L
), in which we can see the rate of change of
coherence C(ρ
(2)
m2,L
) and C(ρ
(2)
m3,L
) becomes larger as parameter γ becomes larger.
0.2 0.4 0.6 0.8 1.0
p0
0.0
0.2
0.4
0.6
0.8
1.0
C
FIG. 1: (Color online) Plot the coherence evolution for ρm2 and ρm3 when the first subsystem
goes through the amplitude damping channel twice. The green, blue, and red lines represent the
coherence evolution through the amplitude damping channel for γ = 0.2, 0.5, and 0.8 respectively.
The solid line represents the coherence of ρ
(2)
m3,L
and the dashed line the coherence for ρ
(2)
m2,L
.
C. Discussions
The amplitude damping channel is a quantum operation, and, more specially, an inco-
herent quantum operation. Its operators K0 and K1 map incoherent states into incoherent
states. It appears that amplitude damping channel cannot create coherence, and if a quan-
tum state goes through this quantum channel, then its coherence will decrease. It is plausible
to assert that in the two-qubit system, if the first subsystem goes through this channel, then
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the quantum coherence can be frozen for all incoherent-coherent states, since we do nothing
to the second subsystem. But our above analysis shows this to be false. Not all coherence
in the incoherent-coherent state can be frozen when the first subsystem goes through this
channel, i.e., part of this coherence does not deteriorate.
Another quantum operation is the phase damping channel, which describes the loss of
quantum information without loss of energy [23]. The energy eigenstates of a quantum
system do not change as a function of time, but rather accumulate a phase that is pro-
portional to the eigenvalue. Its operators can be represented as K˜0 =

 1 0
0
√
1− λ

 and
K˜1 =

 0 0
0
√
λ

. The phase damping channel is also an incoherent quantum operation.
Therefore, it cannot increase coherence when a quantum state goes through it. Moreover,
because of the commutativity of operators K˜0 and K˜1, we derive that for the two-qubit
system, when one subsystem goes through this channel, frozen coherence appears if and
only if this subsystem is incoherent. Similarly if two subsystems go through this channel,
frozen coherence happens if and only if both subsystems are incoherent. By contrast, the
amplitude damping channel requires more condition for frozen coherence. Since all ccoher-
ence in incoherent-coherent states can be frozen when the first subsystem goes through the
phase damping channel, and only some of coherence can be frozen when going through the
amplitude damping channel, more conditions are required for the second subsystem.
Physically, the dynamics in which an atom emits a photon spontaneously, a spin sys-
tem at high temperature approaches equilibrium with its environment, and the state of a
photon in an interferometer or cavity when it is subject to scattering and attenuation are
all characterized as amplitude damping channel [23]. For example, in the process in which
a two level atom coupled with a vacuum undergoes spontaneous emission, the parameter
γ in the amplitude damping channel is expressed as 1 − exp(−2Γt), where Γ is a constant
and t is time. In this model, repeatedly sending the state into the amplitude damping
channel is equivalent to letting the state remain a longer period of time. However, for the
process in which a harmonic oscillator interacts with an environment through the Hamilto-
nian H = χ(a†b+ b†a), the parameter γ in the amplitude damping channel is expressed as
γ = 1 − cos2(χt), which denotes the probability of loosing a single quantum of energy. For
this process, repeatedly sending quantum state into the amplitude damping channel is now
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not equivalent to letting it remain for a longer period of time. In short, it is certain that
parameter γ generally depends on time, but going through quantum channel many times is
still a discrete time evolution.
Another matter we want to clarify is that frozen coherence differs from the concept of a
“decoherence free subspace” [24]. Frozen coherence is the retaining of coherence subjected to
an external environment, whereas a decoherence free subspace is a subspace that is invariant
under non unitary dynamics. It is the carrier of quantum information and is completely safe
from the influence of an environment [25].
III. CONCLUSIONS
In this paper we have analyzed the evolution of quantum coherence in the two-qubit
system through the amplitude damping channel. Using calculations, we have analyzed the
coherence of the output states of one or two subsystems going through this channel many
times. We have found that if one subsystem goes through this quantum channel, frozen
coherence occurs if and only if this subsystem is incoherent and an auxiliary requirement
is satisfied for the other subsystem. If two subsystems undergo this quantum channel,
frozen coherence occurs if and only if the two subsystems are both incoherent. We have also
analyzed the evolution of coherence for maximally incoherent-coherent states and derived an
equation for the output states after one or two subsystems have gone through the amplitude
damping channel.
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